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We shall construct q-analogues of the Dirichlet series which relate to algebraic 
number fields. By way of examples, we treat q-analogues of the Dirichlet L-series. 
As applications, we obtain the q-representations for the class ,number formulas. 
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In [C-l, C-21, Car&z defined a set of numbers qk = qk(q) inductively by 
%=l,(qr+lY-Ylk=l if k= 1, 
=o if k> 1. 
with the usual convention about replacing vi by vi. These numbers are 
q-analogues of the ordinary Bernoulli numbers Bk, but they do not remain 
finite when q = 1. So he modified the definition as 
So=l,q(qP+lY-Bk=l if k= 1, 
=o if k> 1. 
These numbers bk = Bk(q) were called “the q-Bernoulli numbers,” which 
reduce to B, when q = 1. Some properties of lJk(q) were investigated by a 
lot of authors. In [K-l], Koblitz constructed q-analogues of the p-adic 
L-functions which interpolate the q-Bernoulli numbers. By his suggestion, 
q-analogues of the Dirichlet L-series were constructed by Satoh [S-l] and 
q-analogues of the p-adic log-J--functions were constructed by the author 
[T-2]. But no explicit relations between the q-Bernoulli numbers and 
algebraic number fields were obtained yet. 
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In the present paper, we shall consider q-analogues of the Dirichlet series 
which relate to algebraic number fields. By way of examples, we shall 
consider q-analogues of the Dirichlet L-series which interpolate the 
q-Bernoulli numbers. So we need to modify the definition of the q-Bernoulli 
numbers Bk = B,(q) as 
B,(qJ=~, (qB+ I)“--dq )=l if k= 1, 
(1) 
=o if k> 1, 
with the usual convention about replacing Bj by B’(q). We can see that 
B,(q) + B, when q + 1. By using these q-l-series, we shall obtain the 
q-representations for the class number formulas. Moreover we shall 
consider q-analogues of the Dedekind-[-functions. 
The author expresses his sincere gratitude to the Referee for his valuable 
comments. 
1. q-ANALOGUES OF THE DIRICHLET L-SERIES 
Let R and C be the field of real and complex numbers as usual. Let 
q be a real number with 0 < q < 1. We denote [x] = [x ; q] = 
(1 - q”)/( 1 - q). Note that [x ; q] -+ x if q + 1. Now we begin by consider- 
ing q-analogues of the Dirichlet series. For a set of complex numbers {cn>, 
we define 
f(s) = .Yf, (q”:Bcn;).,~ (2) 
for SE C. We can investigate these series by using a method similar to the 
method used to treat the ordinary Dirichlet series. For example, the 
q-Riemann c-function can be defined by 
(3) 
We can see that the right-hand side of (3) converges when Re(s) > 1. And 
i,(s) may be analytically continued to the whole complex plane, except for 
a simple pole at s = 1 with residue (q - l)/log q. Thus we can prove the 
following lemma by a method similar to the method used to treat the 
ordinary Dirichlet series: 
LEMMA 1. Let f(s) be thejiinction defined by (2). Fur n > 0, put S(n) = 
Cl + ... +c,. ZfS(n)/n-+g#O when n+co, then 
lim (s- l)f(s)=c g. 
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We consider the q-Bernoulli numbers defined by (1). We can see that the 
generating functions of these numbers are determined as solutions of the 
following q-difference equation (cf. [K-l, S-l]): 
F,(t) = e’F&qt) - t. (4) 
LEMMA 2. F,(t) = t C,“=, q-ne-‘q-nCn3)‘. 
Proof: The right hand side is uniformly convergent in the wider sense, 
and satisfies (4). 1 
We define the q-Bernoulli polynomial by 
G,k x) = f 4dx, q) 5, 
n=l 
where 
GY( t, x) = Fq(qt) e(’ --x)f. 
We can easily see that 
Bk(134) = qk4r(q). (6) 
(5) 
DEFINITION 1 (q-Analogues of the Hurwitz [-Functions). 
= Jo (q-“- p,n”,; q-lb)“’ 
(7) 
for 0 <b < 1, and SE C. [&.s, 6) + [(s, b) if q -+ 1, where [(s, b) is the 
ordinary Hurwitz i-function. 
PROPOSITION 1. Zf k 2 1 and 0 < b 9 1, then 
qk&(l-kk,b)= -i(-l)XBt(b,q). 
Proof: By (7) and Lemma 2, we have 
-$ G&t, 6) =(-l)kkqkiq(l-kk,b), 
t=o 
(8) 
for k 2 1. So we have the assertion. 1 
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Let x be a Dirichlet character of conductor f: Then we define the 
following q-l-series which is slightly different from the one in [S-l]. 
DEFINITION 2 (q-Analogues of the Dirichlet L-Series). 
1 X(n)qp” k/b, xl = c ,,=I (4 ~ “[nl)“’ 
for SEC. 
By (7) and (9), we have 
I.&, X)’ [f‘]--” i X(U) q”--u’&, 3, $+ . 
u=l i ) 
For x as above, we define the generalized q-Bernoulli numbers by 
Bk,y=(q)=[f]k-’ f: X(a)q-% f+f 
u= I ( 1 
for k> 1. In the case when x= 1, 
Bk.1(q)=4~kBk(l,q)=Bk(q). 
From (lo), (11), and Proposition 1, we obtain the following: 
PROPOSITION 2. Zfk> 1, then 
(9) 
(10) 
(11) 
(12) 
Remark. For these q-Bernoulli numbers, we must consider the Euler 
numbers defined as 
fJ,(u, 4) = 1, q(qH+ 1 )k - uH,(u, q) = 0 if k > 1, 
for u # 1, with the usual convention about replacing Hi by Hi(u, q). Then 
for k > 1, where c is any integer with c 2 2. If q + 1, then we have the 
relations between the ordinary Bernoulli numbers and Euler numbers 
(cf. [T-l]). 
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Now we consider the following “q-product *” (see [K-l, S-l]). For any 
integer n, k, and any function f(q), we define 
CO *f(4) = CGY-WI. 
We can see that 
1 q-l q-11 -- 
Cn]*log==ogqn 
so we obtain 
L,(l? xl *q-l/?-l 1% 4 
- Ul, XL 
1% 4 
(13) 
where * is extended by linearity. By (14), we obtain the following 
“q-representations for the class number formulas.” 
PROPOSITION 3. 
where n* is the q-product, and K is an algebraic number field with 
[K : Q] = rr + 2r, as usual, X(K) is the Dirichlet character group belonging 
to K, w(K) is the number of roots of unity in K, D(K) is the discriminant 
of K, R(K) is the regulator of K, and h(K) is the class number of K. 
Remark 1. We define q-analogues of the Dedekind i-function of K by 
where N=N(K/Q) is the norm. By calculating the residue of [y,K(~) at 
s = 1 and applying Lemma 1, we can obtain the formulas in Proposition 3. 
Remark 2. We can construct q-analogues of the p-adic L-functions 
which interpolate the q-Bernoulli numbers, and construct q-analogues of 
the p-adic log-r-functions, similar to [K-l, T-21. But we are unable to 
obtain explicit relations between these functions and algebraic number 
fields. So it remains to construct the functional equation for the q-L-series 
which is the q-analogue of an ordinary L-series. 
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